Abstract. The problem of whether the Schur property is passed from a Banach space to its (symmetric) projective n-fold tensor product is reformulated in the language of polynomial ideals. As a result, a very closely related question is solved in the negative. It is also proved that the injective tensor product of infrabarrelled locally convex spaces with the Schur property has the Schur property as well.
Introduction
It is an open problem, which seems to be a very difficult one, whether the Schur property (weakly convergent sequences are convergent) is passed from a Banach space to its n-fold (symmetric) projective tensor product. In this paper we reformulate this question in terms of polynomial ideals, more precisely in terms of spaces of completely continuous homogeneous polynomials between Banach spaces. Doing so we solve in the negative a very closely related problem, so an eventual negative answer to the original problem will not be a surprise. A well-known result due to Lust [14] asserts that the Schur property is stable under the formation of injective tensor products of Banach spaces. In the final section we extend this result to a rather large class of locally convex spaces, namely infrabarrelled spaces.
Preliminaries
Given locally convex spaces E and F , L(E; F ) denotes the space of all continuous linear operators from E into F endowed with the topology of uniform convergence on bounded subsets of E (if F is the scalar field we simply write F * ). If B denotes the set of all bounded subsets of E and V is a base of absolutely convex 0-neighborhoods in F , then the family
{{u ∈ L(E; F ) : u(A) ⊂ B}, A ∈ B and B ∈ V}
forms a base of 0-neighborhoods in L(E; F ). By E⊗ ε F and E⊗ π F we mean respectively the completed injective and projective tensor products of E and F . The completed n-fold injective and projective tensor products of E are denoted by⊗ n ε E and⊗ n π E respectively. The notation⊗ n,s π E stands for the completed projective n-fold symmetric tensor product of E.
Given locally convex spaces E and F and a positive integer n, P( n E; F ) and L( n E; F ) denote the locally convex spaces of all continuous n-homogeneous polynomials from E into F and continuous n-linear mappings from E n to F , respectively, endowed with the usual strong topology. If F is the scalar field we simply write P( n E) and L( n E). Let P L denote the linearization of the polynomial
The correspondence P ∈ P(
π E; F ) establishes an isomorphism onto. The linearization of homogeneous polynomials is due to Ryan [17] .
Given an open subset U of a complex locally convex space E, H(U ; F ) represents the space of all holomorphic mappings from U into
is said to be of bounded type, in symbols f ∈ H b (U ; F ), if f is bounded on U -bounded sets. By H wu (U ; F ) we mean the space of all holomorphic mappings from U to F that are weakly uniformly continuous on U -bounded sets. Both H b (U ; F ) and H wu (U ; F ) are endowed with the topology of uniform convergence on U -bounded sets.
For the general theory of homogeneous polynomials and holomorphic functions we refer to Dineen [9] .
Projective tensor products
Let E be a Banach space and n be a positive integer. In this section we address the open question (see [11, Remark 6 E has the Schur property, which is likely to be very difficult. Our aim is to reformulate this problem using the language of polynomial ideals. In this new approach we are able to prove that a very closely related problem has a negative answer, a fact we believe is symptomatic. In this section all spaces are supposed to be Banach.
Completely continuous linear operators (weakly null sequences are sent onto norm null sequences) are related to the Schur property by the trivial fact that a Banach space E has the Schur property if and only if the identity operator on E is completely continuous. So, having in mind that the spaces L(⊗ n,s π E; F ) and P( n E; F ) are isomorphic, in order to connect the Schur property on a Banach space E with the Schur property on⊗ n,s π E it is natural to consider a polynomial generalization of the ideal of completely continuous operators. Rather than the widely studied class of weakly sequentially continuous polynomials, another polynomial generalization of completely continuous operators shall be useful: Definition 3.1 (Composition ideals; see [6] ). By CC we denote the ideal of completely continuous linear operators and by CC • P the corresponding composition ideal of polynomials. Recall that a polynomial P ∈ P( n E; F ) belongs to CC • P,
for every n and any E. Our aim in this example is to show that this coincidence is no longer true in general for vector-valued polynomials. Let p > 2 and choose a continuous linear functional ϕ = 0 on p . Consider the polynomial 
. Of course this construction works for every infinite-dimensional Banach space E such that P( 2 E) is reflexive, for instance for Tsirelson's original space T * (Alencar, Aron and Dineen [1] proved that P( n T * ) is reflexive for every n).
The coincidence P = CC • P for vector-valued polynomials on E makes the connection with the original problem concerning the Schur property on⊗ [7] constructed an infinite-dimensional Banach space BP with the Schur property such that BP⊗ π BP = BP⊗ ε BP . By Lust's result [14] it follows that BP⊗ π BP has the Schur property, so Proposition 3.3 gives that P( 2 BP ; F ) = CC •P( 2 BP ; F ) for every Banach space F . We do not know whether⊗ n π BP has the Schur property for n > 2. John [13] proved that if n ≥ 3 and the injective and projective norms are equivalent on ⊗ n E, then E is finite dimensional. So, for n ≥ 3,⊗ n π BP and⊗ n ε BP no longer coincide.
Remark 3.5. It is well known (see [15, 17] ) that a polynomial P ∈ P( n E; F ) is compact (resp. weakly compact) if and only if P admits a factorization P = u • Q where G is a Banach space, Q ∈ P( n E; G) and u : G −→ F is a compact (resp. weakly compact) linear operator. So, the condition P( n E; F ) = CC • P( n E; F ) in Proposition 3.3 addresses the validity of a similar factorization of polynomials through completely continuous linear operators.
From Proposition 3.3 it is easy to see that if P(
n E; F ) = CC •P( n E; F ) for every F , then P( m E; F ) = CC • P( m E; F ) for every F and any 1 ≤ m ≤ n. Actually much more is true: Proposition 3.6. Let E and F be Banach spaces and n ∈ N. If P( 
is completely continuous by the ideal property; hence P ∈ CC • P( m E; F ).
From Proposition 3.3, given a Banach space E, problem (*) is equivalent to
We finish this section by showing that the closely related implication
which happens to be an 'increasing version' of Proposition 3.6, does not hold true in general, so an eventual negative answer to question (*) will not be a surprise.
Proposition 3.7.
Let n ∈ N and p, q ∈ (1, +∞) be such that nq < p ≤ (n + 1)q and p > n + 1. Then
In particular,
; 2 ) and P(
Proof. Let P ∈ P( 
is well defined and continuous because p ≤ (n + 1)q. Suppose that P ∈ CC • P( 
Injective tensor products
As mentioned earlier, Lust [14] proved that the Schur property is stable under the formation of injective tensor products of Banach spaces. By adapting a proof due to Ryan [18] of Lust's result, we generalize it to a quite large class of locally convex spaces. Recall that a locally convex space E is infrabarrelled if the inclusion from E into its strong bidual E * * is a topological isomorphism onto its range. Barrelled spaces and metrizable spaces are infrabarrelled [16 Proof. Let (u n ) be a sequence in L w * (E * ; F ) not converging to 0. Then there is a strong bounded set A in E * , a 0-neighborhood B in F and a strictly increasing sequence of positive integers (n k ) k such that each u n k does not belong to the set {u ∈ L w * (E * ; F ) :
This means that (u n k (a k )) k is not a null sequence in F , hence not weakly null because F has the Schur property. Then there are a linear functional y * ∈ F * , δ > 0 and a strictly increasing sequence of positive integers (k l ) l such that |y The proof above can also be used to generalize [18, Theorem 3.3(b) ] and [10, Corollary 4.11] to the locally convex setting. A sequence (E n ) n of subspaces of a locally convex space E is said to be a Schauder decomposition of E if any x ∈ E can be written in a unique way as x = ∞ n=1 x n with x n ∈ E n for every n and the projection ∞ n=1 x n → m n=1 x n is continuous for every m ∈ N. Let S denote the set of all scalar sequences (α n ) n such that lim sup n |α n | 1/n ≤ 1. A Schauder decomposition (E n ) n of E is S-absolute (see [9] ) if for all (α n ) n ∈ S and all x = ∞ n=1 x n ∈ E, the series ∞ n=1 α n x n converges in E and for each continuous seminorm p on E and each α = (α n ) n ∈ S, the expression p α ( Proof. Assume that E n has the Schur property for every n and let us prove that E has the Schur property. To do so, let (x m ) be a weakly null sequence in E. Each x m can be written as x m = ∞ n=1 x m n , x m n ∈ E n . Since (E n ) n is a Schauder decomposition of E, the continuity of the projections yields that (x m n ) m is a weakly null sequence in E n for every n. Then (x m n ) m converges to 0 in E n for every n.
